
Clustering-based Decentralized Optimization
Approaches for DC Optimal Power Flow

Kai Zhang∗, Sarmad Hanif†, Dante Recalde‡
TUM CREATE Limited,

#10-02 CREATE Tower, Singapore 138602
Email: ∗kai.zhang@tum-create.edu.sg, †sarmad.hanif@tum-create.edu.sg, ‡dante.melo@tum-create.edu.sg

Abstract—This paper studies two decentralized scheme to
solve DC optimal power flow (DC-OPF). The first scheme
considers the decomposition of DC-OPF based upon augmented
Lagrangian relaxation and uses alternating direction method of
multipliers (ADMM) algorithm to solve the consensus optimiza-
tion problem. An adaptive penalty method is proposed for the
ADMM algorithm to improve the convergence performance. The
second scheme utilizes Karush-Kuhn-Tucker (KKT) conditions
and solves the coupled linear equations of DC-OPF directly. We
show the impact of different cluster formations on both schemes.
Both schemes are evaluated in terms of flexibility, robustness and
iteration time using the IEEE 14-bus test system.

Index Terms—Decentralized control, DC-OPF, ADMM, KKT,
Clustering

I. INTRODUCTION

Traditionally, power systems have been operated as clusters
due to historical and geopolitical reasons [1], [2]. The high
number of aggregators and other market participants present
in smart grids increase the complexity of the system. This may
create bottlenecks in the communication infrastructure if the
optimal power flow (OPF) problem is solved in a centralized
manner [3]. The high number of controllable nodes makes
the DC-OPF very challenging to solve. Hence, clustering
can be used to reduce the computational burden as well
as the complexity of the central information collection and
processing. In the context of deregulation carried out in power
systems, the market requires each regional operator to solve
the optimal power flow problem in a cooperative way while
protecting their private information. The authors in [4] propose
a hierarchical clustering formation method based on Jacobian
matrix from power flow solutions.

Many algorithms to solve the OPF in a decentralized manner
have been proposed in the literature [5]–[8]. The authors in [8]
compare existing algorithms used to solve DC-OPF in a decen-
tralized/distributed way. These algorithms can be divided into
two main categories: decomposition of optimization problems
based on augmented Lagrangian relaxation, and decomposition
based on KKT conditions. In respect of the implementation
of the decentralized approaches, methods from both cate-
gories present pro and cons in terms of flexibility, robustness,
communication requirement and performance. However, these
practical issues have not yet been studied extensively in
the literature. Furthermore, these studies do not include the
communications in the evaluation of the algorithms.

In this paper ADMM and KKT-based algorithm are investi-
gated to study the unique requirement of solving DC-OPF for
cluster-based control. A fast ADMM approach using adaptive
penalty factor is proposed. This method is compared against a
KKT-based algorithm using different cluster structures. This
paper explores the impact of cluster formation on the number
of iterations required for convergence and the computation
time required to solve/compute the solution at each iteration.
The performance of the proposed method is evaluated using
the IEEE 14-bus test case.

The paper is arranged as follows. In Section II, the problem
formulation of the DC-OPF is reviewed and the comparison
of two decentralized optimization strategies are given with
respect to the algorithm architecture. Section III introduces the
framework employed to solve the cluster-based DC-OPF using
the ADMM algorithm and the KKT-condition based method.
In Section IV, numerical experiment results are presented for
the performance of the given methods. The conclusion is given
in Section V.

II. DECENTRALIZED ARCHITECTURES FOR SOLVING
DC-OPF

For the transmission system, it can be assumed that the R/X
ratio is very small along with voltage magnitude being close
to one per unit as well as the voltage angle difference very
small [9]. This allows us to write the DC-OPF problem as
follows:

min
∑
i∈ΩB

[
c2P

2
Gi + c1PGi + c0

]
(1a)

s.t. ∑
j∈Ωi

bij(θi − θj) = PGi − PLi ∀i ∈ ΩB (1b)

PGi ≤ PGi ≤ PGi ∀i ∈ ΩG (1c)

|bij(θi − θj)| ≤ P ij ∀ij ∈ ΩL (1d)

where, (1a) depict the total cost for the generators, (1b) ensures
the power balance for all nodes, (1c) limits the generators
output and (1d) depict the branch flow relation for all lines.
A summary of the optimization variables is given in Table I.

A. ADMM-based Decentralized Architecture

In [10], an ADMM-based approach is used to solve the
consensus optimization problem. For this paper, we adopt a
similar idea for solving the DC-OPF. The basic idea of this978-1-5386-4950-3/17/$31.0 c©2017 IEEE



Table I
VARIABLES FOR DC-OPF AND CLUSTERING

Symbol Description

PGi generations at bus i
PLi load at bus i
c0, c1, c2 coefficients of n-th order polynomial cost
θi voltage angle at bus i
Ωi set of all the buses connected to bus i
ΩL set of all lines in the network
ΩB set of all buses in the network
ΩG set of generations
bij line susceptance from bus i to bus j
PGi,PGi generation lower and upper bound at bus i
P ij line capacity from bus i to bus j
ΩC set of clusters ΩC = {1, 2, ...,M}
Λm set of buses in cluster m : Λm ⊆ ΩB
Φm set of buses in neighboring cluster

that connect to cluster m
Ψm set of buses in cluster m that connect

to neighboring clusters
Πm set of coupled buses for cluster m:

Πm = Φm ∪ Φm
Π set of coupled buses in the network

Π =
∑M

1 Πm

approach is to decompose the original problems into separable
parts. To demonstrate it, consider a generic objective function
split in N independent parts:

min
N∑
i=1

fi(xi) (2)

where the local variables xi ∈ Rni also contains selected
number of global variables z ∈ Rn. Figure 1 gives an example
of the projection map between the local and global variables
for the case of N = 3. Let zi ∈ Rni denote the corresponding
global variable collection for xi. The correspondence of local
variable xi to the global variable zg is described using a
projection map g = G(i, j), where (xi)j = zg .

By using the definition in (2) and the projection map
procedure shown in Fig. 1, we can now formulate the DC-
OPF problem in (1) as the following consensus optimization
problem:

min
N∑
i=1

fi(xi) (3a)

s.t.
xi − z̃i = 0, ∀i = 1, ..., N (3b)

for each subproblem i, the variable z̃i ∈ Rni contains the
corresponding value that the local variable xi should be. The
goal of the consensus optimization problem is to solve it in
such a way that each subproblem can be solved by its own
computation unit. As shown in Section III-A, the consensus
problem in (3) is solved using an ADMM-based iterative
algorithm [10].
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Fig. 1. Optimization problem decomposition for ADMM (right) and KKT-
based (left) methods. KKTi denotes ith subproblem of KKT conditions
shown in (5). Moreover, KKTi has mapping functions ζij representing the
connection between the variable xi for KKTi and the variable xj for the
connected KKTj .

B. KKT-based Decentralized Architecture

The KKT-based decentralized architecture exploits the ac-
tual physical connections (nodal voltage angles) between in-
dividual and neighboring buses [11]. Consider the following
generic optimization problem:

min
N∑
i=1

fi(xi) (4a)

s.t.
h(xi) ≤ 0, (4b)
g(xi) = 0, ∀i = 1, ..., N. (4c)

The KKT conditions for the optimization problem are:

∂fi(xi) + νi · ∂h(xi) + µi · ∂g(xi) = 0 (5a)
νih(xi) = 0, (5b)
νi ≥ 0, (5c)
(4b), (4c), ∀i = 1, ..., N, (5d)

where νi and µi are the Lagrange multipliers associated with
constraints (4b) and (4c) respectively. Notice that in (5), the
optimization problem of (4) has been replaced by a system of
coupled linear equations. These system of equations establish
a natural interconnection of neighboring nodes and their as-
sociated Lagrange multipliers. Hence, a decentralized scheme
purely relying on the information flow of physically connected
neighbors can be established [11]. The interconnection of
neighboring nodes is reflected in the mapping function ζij
shown in Fig. 1. In Section III-B, we show an iterative
algorithm for solving KKT-conditions of (5) for the application
of the DC-OPF.

III. DECENTRALIZED ALGORITHMS FOR SOLVING
DC-OPF

A. Fast ADMM-based algorithm

The clustering variables to be used for designing the
ADMM-based decentralized schemes are defined in Section II.
For each cluster, the bus angles between local and neighboring
clusters are used as global variables for solving the DC-OPF
using the ADMM algorithm. The set containing all such angles



is given by Πm. The cardinality of set Π is denoted by Nb. Let
θΠm ∈ Rnm represents the local copy for the voltage angle
vector of coupled buses for cluster m. Similarly, θΠm+ ∈ Rnm
represents the global variable for the voltage angle vector of
coupled buses for cluster m. Furthermore, the vector of buses
in set Π is represented as θΠ+ ∈ RNb . The correspondence
between the local copy and the global variable is described
using the graph g = G(m,n). Where (θΠm)n = (θΠ+)g .
Since the object function and the constraints are separable
and can be associated to each cluster. For each cluster the
following optimization problem is solved:

min
∑
i∈Λm

[
c2P

2
Gi + c1PGi + c0

]
(6a)

s.t. ∑
j∈Ωi

bij(θi − θj) = PGi − PLi ∀i ∈ Λm (6b)

θΠm = θΠm+ ∀m ∈ ΩC (6c)

PGi ≤ PGi ≤ PGi ∀i ∈ Λm (6d)

|bij(θi − θj)| ≤ P ij ∀i ∈ Λm, j ∈ Ωi (6e)
Constraint (6c) ensures the copy of local angles is equal to the

global variable. Let λΠm ,ρΠm ∈ Rnm denote the Lagrangian
multiplier and the adaptive penalty factor respectively. The
partial augmented Lagrangian with adaptive penalty factor for
each cluster is given as follows:

Lm =
∑
i∈Λm

[
c2P

2
Gi + c1PGi + c0

]
+ (λΠm)T (θΠm − θΠm+)

+
1

2
(ρΠm)T (θΠm − θΠm+)2 (7)

The ADMM algorithm with adaptive penalty factor for solving
DC-OPF is solved iteratively. For cluster m at the (k + 1)-th
step, variables are updated in the following manner:
1) Local minimization

θΠm(k + 1) := arg min
θi,θj ,θΠm ,PGi

Li (8)

s.t.(6b), (6d), (6e)

2) Global variable update

(θΠ+)g(k + 1) =
1

Ng

∑
G(m,n)=g

(θΠm)n ∀g ∈ Ψm (9)

where Ng is the number of local variables that correspond to
the global variable (θΠ+)g . Each cluster updates the global
variables representing the voltage angles included in the local
cluster.
3) Primal and dual residual update
For each cluster, the primal residual rΠm ∈ Rnm and dual
residual sΠm ∈ Rnm are updated as:

‖(rΠm)n(k + 1)‖22 =
[
(θΠm)n(k + 1)

− (θΠm+)G(m,n)(k + 1)
]2

(10a)

‖(sΠm)n(k + 1)‖22 =
[
(ρΠm)n(k + 1)

]2·[
(θΠ+)G(m,n)(k + 1)− (θΠ+)G(m,n)(k)

]2
(10b)

4) Penalty factor update(
ρΠm

)
n
(k + 1) =

(
ρΠm

)
n
(k) · (1 + τ t)

if ‖
(
rΠm

)
n
(k + 1)‖22 > ‖

(
sΠm

)
n
(k + 1)‖22(

ρΠm
)
n
(k) · (1 + τ t)−1

if ‖
(
sΠm

)
n
(k + 1)‖22 > ‖

(
rΠm

)
n
(k + 1)‖22(

ρΠm
)
n
(k)

otherwise
(11)

where ρ is the adaptive penalty factor.
5) Lagrangian multiplier update step

λΠm(k + 1) = λΠm(k)

+ ρΠm ◦
[
θΠm(k + 1)− θΠm+(k + 1)

]
(12)

The operator ◦ denote the entry-wise multiplication of the
elements.

The convergence of generic ADMM aglorithm can be
defined based on the residual, objective and dual variable
convergence [10]. The ADMM method introduced in [10]
solves the generic consensus optimization problem with a fixed
penalty factor. We adapt the definitions of local residuals in
[12] to the penalty factor varying strategy in [13] to improve
the convergence performance for the ADMM algorithm. The
proposed method changes the penalty factor based on the
relative magnitude of the primal and dual residuals. This
reduces the dependency on the initial parameter value.

B. KKT-based algorithm

The KKT-based fully decentralized scheme is presented in
this section to solve the DC-OPF problem. The general form
of KKT conditions required to obtain consensus between the
coupled variable is shown in (5). We deploy a similar approach
in the following by defining the KKT conditions of equations
(1a)-(1d) as:

2c2PGi + c1 − λi + µi − µi = 0 ∀i ∈ ΩG (13a)

λKi .
∑
j∈Ωi

bij −
∑
j∈Ωi

λKj bij

+
∑
j∈ΩB

(µij − µji)bij = 0 ∀i ∈ Ωi (13b)

θ1 = 0 (13c)

(1b), (1c), (1d) (13d)
along with the complementary slackness and positive con-
straints on the Lagrange multipliers of constraints of (1c)-(1d).
Variable λKi is the Lagrange multiplier for the power balance
constraint in (1b). The Lagrange multipliers µi and µ

i
are

associated with the maximum and minimum power generation
limitations in (1c), whereas µji represents the power flow
limitations in (1d). With the assumption of convexity and
strong duality, the above mentioned optimality conditions are
necessary and sufficient. Therefore, solving the above system
of KKT equations should also recover the optimal solution.



With respect to the update steps defined in Section III-A,
the KKT-based decentralization scheme solves the system of
equations in (13) as:

1) Primal updates
Generation set points: The sensitivity of the generation set
points with respect to the KKT conditions is represented
by (13a). Moreover the limits on these set points are enforced
through (13d). Hence, for the given value of λKi (k) at iteration
step k, these two equations can be solved using the following
iterative procedure:

PGi(k + 1) =
[λKi (k)− c1

c2

]PGi
PGi

, (14)

where k is the iteration step. Note that the operator [.]PGiPGi
projects PGi to its natural limits of (1c).
Nodal angles: In a similar manner, θi can be solved iteratively
by utilizing its concerned KKT equation, i.e., (1b).

θi(k + 1) = θi(k) + α
(
PGi(k)− PLi

−
∑
j∈ΩB

bij [θi(k)− θj(k)]
)

(15)

where α is the tuning parameter.
2) Dual updates
Power balance dual: Note that in (14) and (15), the primal
variables updates are connected to their respective dual vari-
ables. In a similar fashion to the primal update procedure,
we can also update the dual variables. For each iteration
step k, λKi (k + 1) can be found using:

λKi (k + 1) = λKi (k)− β
(
λKi (k).

∑
j∈Ωi

bij

−
∑
j∈Ωi

λKj (k)bij +
∑
j∈ΩB

[µij(k)− µji(k)]bij
)

+ γ
(
PGi(k)− PLi −

∑
j∈ΩB

bij [θi(k)− θj(k)]
)

(16)

where β and γ are tuning parameters. Note that update step
for λKi contains two terms. Using (13b), the first term in (16)
reflects the agreement of λKi with its neighbouring Lagrange
multiplier, i.e, λKj . The second term reflects the effect of the
power balance at each node (1d).
Line flow dual: In the first term of (16), the dual vari-
able µij(k) which shows line limit violations are updated
using:

µk+1
ji =

[
µji(k)− δ

(
P ij − bij [θi(k)− θj(k)]

)]+
(17)

where δ is a constant tuning parameter and [.]+ enforces non-
negativity constraint on the dual variable.

The KKT-based algorithm exploits the consensus+innovations
type structure [11]. The tunning parameters in the consensus
algorithm can be modified in a way to minimize the conver-
gence time (see e.g. [14]). However, it requires the knowledge
of the full graph structure, which is not commonly assumed

Fig. 2. IEEE 14 bus test case with three clusters

in the literature [9].

IV. COMPARISON OF ADMM AND KKT ALGORITHM IN
CLUSTER-BASED CONTROL

A. Architectural and Organizational Comparison

Both ADMM-based and KKT-based algorithms possess the
flexibility of formating the clusters, however the impact of
the cluster-based control on the algorithms is different. Notice
that in comparison to the consensus problem solved in (3a)
and (3b) by ADMM algorithm, KKT-based decentralized
scheme exploits the information flow from the physically
connected neighbors, avoiding creating local copies of global
connected variables (see Fig. 1). Hence, the flexibility from
ADMM-based architecture can be utilized to reorganize the
DC-OPF to define each local subproblem, whereas KKT-
based scheme is only solvable on a nodal basis. Therefore,
a new cluster formation for KKT-based algorithm is merely a
question of reorganizing the communication network. On the
other side, due to the existence of local copies of the global
variables in the individual subproblems, the ADMM-based
algorithm is much more robust for solving the optimization
problem. In terms of communication network, both algorithms
require a centralized topology within the cluster. A decen-
tralized topology exists for communication between different
clusters. The centralized communication can be eliminated if
each cluster is associated with only one bus. In this way,
the ADMM-based algorithm can serve as a variant of the
KKT-based decentralized scheme. Although this might also
eradicate the inherent flexibility of the ADMM-based method
in organizing flexible clusters for the whole problem.

B. Numerical Experiment on IEEE 14-Node Network

The clustering formation has a direct impact on the conver-
gence time for ADMM algorithm, which does not apply for
KKT-based method. The cluster formations is reflected in two
aspects: the size and the connectivity between clusters. The
connectivity between clusters can be measured by the number
of coupled buses defined as the cardinality of Πm in Section II.
For a fixed network, the increment on the number of clusters
means smaller cluster sizes and a higher decentralization grade
for solving the DC-OPF.



Table II
CLUSTERING PARAMETERS FOR TEST CASES

Test Number of Members
Case Clusters

Centralized 1 OPF solved by one entity

Case 1 2 c1 = {1 2 3 4 5 7 8};
c2 = {6 9 10 11 12 13 14};

Case 2 4 c1 = {1 2 5}; c2 = {3 4 7 8};
c3 = {9 10 14};
c4 = {6 11 12 13};

Case 3 7 c1 = {1 2}; c2 = {3 4};
c3 = {5 6}; c4 = {7 8 9};
c5 = {10 11}; c6 = {14};
c7 = {12 13};

Case 4 14 OPF solved by each node

Case 5 2 c1 = {1 2 5 6 11 12 13};
c2 = {3 4 7 8 9 10 14};

A case study is developed for testing the effect of different
clustering formation for the IEEE 14-bus system. The clus-
tering formation summary is shown in Table II. Case 1-4 are
developed to compare the influence of different cluster sizes
and Case 5 is designed to study the impact of the connectivity.
Note that for Case 5 the clusters are linked through 8 coupled
buses whereas it only has 5 coupled buses in Case 1.

We adopt two criteria for the performance evaluation. The
standard deviation for the power generations values of the
given algorithm and the centralized solution is given as:

Pdev =

√√√√ 1

M

M∑
1

(PGi − P optGi )
2 (18)

The second criterion evaluates the total cost function devi-
ation of the given algorithm and the optimal value calculated
by the centralized solution.

rel =
|fopt − falgorithm|

fopt
(19)

Fig. 3 and 4 illustrate the simulation results. It is worth
observing that each ADMM algorithm iteration require two
times information update between neighbors while only one
information update is needed for the KKT-based method.
Hence, the x-axis is assigned with communication iterations.
One iteration for ADMM algorithm means two communication
iterations while the number for the KKT-based algorithm
is one. The results in both figures make intuitive sense,
more clusters means more iterations for ADMM algorithm to
converge to the optimum. On the other hand, by comparison of
test cases 1 and 5, more coupled buses between clusters will
also accelerate the convergence but requires a larger amount of
the information exchange. For KKT-condition based method,
the clustering formation does not affect the convergence time
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since the KKT-based algorithm is decomposed on a nodal
basis. An overview of the test results is given in Table III.



Table III
COMPARISON OF DECENTRALIZED ALGORITHMS

ADMM Algorithm KKT-based Algorithm

Shared Variables
1) θ: local optimal angles
2) θ: global average angles

1) θi: nodal angles
2) PGi :nodal generations
3) µij ,λKi : Lagrangian multiplier

Required iterations Case 1 Case 2 Case 3 Case 4 Case 5 Case 1 Case 2 Case 3 Case 4 Case5

380 550 990 1485 260 3490

Computation time/iteration 0.33 - 0.57 s 0.12 - 0.23 ms

information updates/iteration 2 1

Fig. 5 illustrates the influence of the adaptive penalty to the
convergence speed of the ADMM-based algorithm.

In practice, both methods require the two-way commu-
nication between clusters. The communication requirement
for ADMM algorithm depends on the cluster-formation. The
maximal number of coupled buses between clusters in the net-
work decides the minimal communication bandwidth for the
implementation. Although ADMM algorithm requires larger
computational time, it shows robustness against communica-
tion package loss and failure. The KKT-based method only
needs to solve several linear equations and therefore the
computation time is almost neglectable in comparison with
ADMM algorithm. On the other hand, package loss during
information exchange and errors in synchronization will cause
the algorithm to converge at a non-optimal value. Hence,
a trade-off between robustness, communication technology,
computation resources and performance should be considered
by grid operators before deciding which method to deploy.

V. CONCLUSIONS

Under the motivation of study different system partitioning
for decentralized control, this paper provides a partitioning
criteria and case study results for evaluating the influence of
the cluster formation on the performance of the ADMM and
KKT-based algorithms. The given methods are compared at
the architecture, organizational and implementation level. The
communication requirements for both methods are given with
respect to the implementation for the decentralized solution to
the DC-OPF problem. The classic ADMM aproach requires
a larger number of iterations, the ADMM convergence is
accelerated by the proposed adaptive penalty factor method.
In the future, we intend to explore the dependence of the
communication infrastructure on the decentralized scheme on
different communication layers.
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